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ABSTRACT

Multiplication table of a ring with identity 1 is said to have the diagonal condition if 1’s occur only on the main diagonal. In
this paper, we study the diagonal condition in the ring of Gaussian integers Z[i]. Furthermore, we also find the Gaussian
integers a so that the rings of Gaussian integers modulo a satisfy the diagonal condition.
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INTRODUCTION

In[1] S.K. Chebolu (2012), he observed that 1’s only appear on the main diagonal of multiplication
tables of Z,, Z3, Z4 and Zg but not for Zs. The aim of [1] S.K. Chebolu (2012) is to find which positive
integers n that make 1’s occur only on the main diagonal (not off diagonal) of multiplication table of
Z,. Given Z, = {1,2,...,n — 1}."Any ring which has 1’s only appear on the main diagonal of its
multiplication table. One says the ring satisfies diagonal condition, summarized in the following.

Theorem: Let n be a positive integer for Z,,. The statements are equivalent:

1. 1’s occur only on the main diagonal (not off diagonal) of multiplication table of Z,,.
2. Ifais an element which has multiplicative inverse in Z,, , then a®> = 1 € Z,.

3. Ifais an integer relatively prime with n, then n|a? — 1.

4. Ifp is a prime such that p  n, then n|p? — 1.

Finally, he found that 1’s occur only on the main diagonal of multiplication table of Z,, if and only if
n is a divisor of 24. This became the main theorem in [2] S.K. Chebolu (2012). He also provided five
distinct proofs for this theorem. However, the special property about divisors of 24 has not ended
there. In 2024, J. C. Lagarias proposed problems on Floor Quotients in American Math. Monthly
problem 11747, Vol. 121, p. 83. His solution appears in Vol. 123 (2016), pp. 199-200 [9].
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Later, [3] Chebolu, S.K. and Mayers (2013) investigated on the (same) diagonal condition of
multiplication table but in a different ring, Z,,[x]. They had very interest result, and then formed it as a

main theorem “For any positive integer m, the multiplication table for the polynomial ring
Znlxq, X, ==+, x;m] has 1’s only on the diagonal if and only if n is a divisor of 12”. Another result

involved with number 12 has shown in [17] Poonen, B. and Rodriguez-Villegas, F. (2000). They
discussed the number 12 related to convex lattice polygons with one interior lattice point.

Additionally, there is one paper linked to both numbers 12 and 24. In [14] Godinho, L., von Heymann,
F. and Sabatini, S. (2017), they were interested in connection with mirror-symmetry and Calabi-Yau
toric varieties. This kind of thing leads into aspects of Topology and Geometry.

Beyond than that [11] Genzlinger, K. and Lockridge, K. (2015) studied the diagonal condition on
multiplication cube of Z,,. They gained the main theorem as “All 1°s in the multiplication cube for

Z, lie exclusively on the diagonal or the coordinate planes (where one of the three coordinates is

1) if and only if n is a divisor of 4 or 6.

Nevertheless, the author’saim is still about the diagonal condition in multiplication table of
(another) classical ring: Gaussian integers Z[i], specifically a ring of Gaussian integers modulo a.

GUSSIAN INTEGERS

This section provides crucial background of Gaussian integers Z[i] and Gaussian integers modulo
where « is nonzero in Z[i]. Some materials in this section, we take it partially from [3]K. Conrad
(2016), [4]D.S. Dummit and R.M Foete (2004) and [6]J.A. Gallian (2021).

Basic knowledge of Z[i]

Gaussian integers are complex numbers is in the form a + bi where a, b € Z, denoted Z[i]. In fact,
Z[i] is subring of C with 1 is multiplicative identity. Since C is a field, Z[{] is an integral domain.
Definition For @ = a + bi, Norm of a denote by V' (a) : = a@ = (a + bi)(a — bi) = a? + B2.

Remark It is obvious that M'(a) € Ny = Z* U {0} if including the case @ = 0.

Theorem For a, B € Z[i], N'(aB) = N ()N (B).

Definition The Gaussian integer § is a unit iff§ has multiplicative inverse inZ[i]i.e. there exists y €
Z[i] such thatyg = 1.

Theorem The only Gaussian integers that are units in Z[i] are 1, —1, i, —i.

Definition For a, 8 € Z[i] where § # 0, we say that 8|« if @« = Sy for somey € Z[i]. Then £ is called
a divisor of .

Theorem For all @, B in Z[i], if B|a in Z[i] then N (B)| N («) in Z.
Theorem Division Algorithm in Z[i] Given a, € Z[i] with 8 # 0. There exist k, p in Z[i] such that
a = Px+ p and N (p) < N(B). In fact, we can choose p that makes N'(p) < l]\f(ﬁ’).

Proof. We provide proof without words in Geometry: Division Algorithm in Z[].
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From the figure, vector from 0 to if8 is perpendicular with vector from 0 to  in Complex Plane C =
R?. So the set BZ[i] = {Bx | B € Z[i]} forms squares with length || = VV'(B) netting as lattice. It is
easy to see that a appearing inside at least 1 square. Let Sx be the most nearest corner point with
point @. Given p = @ — Bk € Z[i]. Then |p| is less than or equal to half a diagonal length, i.e.
V() = lol < 2181 < VN (B).

Known fact is Z[i] is a Euclidean Domain (ED). ThenZ|i] is also a PID and a UFD.

Definition Let y € Z[i], we call 1, —1, i, —i, y, —y, ¥i, —Yi are trivial factors ofy.

Definition For a € Z[i] which is not a unit, « is a factorized element (reducible element). If @ is not a
trivial factor and a has only trivial factors, then « is a irreducible element or called a Gaussian prime.
Theorem If V' («) is a prime in Z, then « is a Gaussian prime inZ][i].

Definition A common divisor of @ and f is a Gaussian integer § such that §|a and §|f. Denote § : =
gcd(a, B)a greatest common divisor of @ and B if and only if

1. d|aand§|f,
2. Forally € Z[i], if y|a and y|S then y|d. One says « and f are relatively (Gaussian) primes

if § = gcd(a, B) is a unit in Z[i].

Theorem Given 7 is a Gaussian prime. For alle, § € Z[i], if m|af then |a or | S.

Remark Since Z[i] is a Unique Factorization Domain, Gaussian integers which are nonzero and non-
unit can be factorized as multiplication of distinct Gaussian primes and a unit. § Author’s

explanation
Coset representatives of quotient ring Z[i] /(a)
This subsection gives concepts of congruence-modulo and coset representatives in Z[i] /().

Definition For Gaussian integers @, § andy, we say that § congruencey moduloa denoted byS =y
(mod a), when a|(B — y).
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Remark It can be proved that Congruence—Modulo is an equivalence relation on Z[i]. The
equivalence classes are cosets in quotient ring Z[i]/(a). Next, we provide methods to find coset
representatives of Z[i] /(@) when a@ = a + bi through multiples of Gaussian in grid as followed.

Let m,n € Z. Consider (a + bi)(m + ni) = (a + bi)m + (—=b + ai)™

Plot points (a, b) and (—b, a) in the grid, then form two vectors from origin to these points.

Extend the sided of two vectors to create a (main) square. Coset representatives of Z[i]/(a) are
points located inside the square and on two main vectors including origin.

Translate the square till it can be filled the grid. Then, we have (all) cosets.

Examples 2.2.2 Find coset representatives of Z[i]/(2 + 2i). First, consider (2 + 2i)(m + ni) = (2 +
2i)m + (=2 + 2i)™ Then follow steps 2. and 3. :

N/

Seas

. X
From the figure, the coset representatives of Z[i] /(2 + 2i) are0,i,2i,3i,1+i,1+2i, —1+i, -1+
2i equivalent with points(0,0), (0,1), (0,2), (0,3), (1,1), (1,2), (—1,1), (—1,2) in grid.

Lemma For a, b, c,d, m € Z, we have

5

a = b(mod c) in Z if and only if a = b(mod ¢) in Z[i].

a + bi = ¢ + di(mod m) if and only if a = c(mod m) and b = d(mod m).

Let (@) be the number of coset representatives of Z[i]/(a)i.e. N(a) : = |Z[i]/(a)|, a € Z]i].
Lemma If m € Z is nonzero, then 9t(m) = m?.

Lemma If @ # 0 in Z[i], then N(a) = N(a).

Lemma If @ and B are nonzero in Z[i], then N(aB) = N(a)N(B). In another word, function N is
multiplicative.

Theorem If @ # 0 in Z[{], then (a) = N (a).

Proof. By Lemma 2.2.6, t(a@) = N(a)N(a). From Lemma 2.2.5, we have the right hand side of
previous equation is 9t(a)?. Since a@ = N(a) is integer and Lemma 2.2.4, it can be concluded that
N(aa) = N(a)?. Thus, V(a)? = N(a)?. Hence, we have N(a) = N(a).

Gaussian primes

In this subsection, we find all Gaussian primes from Gaussian integers which divide primes in

Z. Definition In Z[i], we say that a ~ 8 if @ = uf8 or « = uff where u is a unit in Z[i].
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Lemma 2.3.1 Let  be a Gaussian prime. Then, there exists a primep € Z such that «|p.

We can find all Gaussian primes from Gaussian integers which divide primes in Z][{].

Theorem A prime in Z is a factorized element (reducible element) in Z[{] if and only if p can be written as a
sum of two squares.

Remark Any primes p € Z which cannot be written as a sum of two squares, then p is not a
factorized element (reducible element). Thus, p is a Gaussian primes.

Corollary If p is a prime in Z such that p = 3(mod 4), then p is a Gaussian prime.

Lemma Given p € Z is a prime. Eitherp = 2 or p = 1(mmod 4) if and only if there exist integersa, b
such that p = a® + b?.

Theorem Let p be a prime in Z such that p = 1(mod 4). Then p = nit wherem =a + bi and T=a —
bi whilst T + TT.

Proof. By, there exist integers a, b such thatp = a? + b%. So, p = nt wherem = a + bi andT=a —
bi. Assume that a + bi ~ a — bi. Then, there are 4 cases as followed

2

ecase a + bi = a — bi: we have b = 0. Then p = a*, a contradiction.

s case a + bi = —(a — bi): we have a = 0. Then p = b?, a contradiction.
scase a + bi = i(a — bi): we get a = b. Then p = 2a? = 2b?, a contradiction.

scasea + bi = —i(a — bi): we get a = —b. Then p = 2b? = 2a?, a contradiction. Thus, 7 = a +
bi ~a—bi=r.
Theorem These are all Gaussian primes:
1. 1+,
2. p where p are primes inZ s.t. p = 3(mod 4),
3. m=a+ biand 7= a— bi when V() = N () = a® + b?> = p, and p are primes in Z s.t.
p =1 (mod4).

Proof. We can find all Gaussian primes which divide prime p € Z from Lemma 2.3.1:

1. Whenp =2,wehave2 = (1+i)(1 —i) = —i(1+i)?. Then 1+ i is satisfied the condition
ie. 1+i|j2and 1 4+i +~ 1 — i, § Main theorem for this section.

2. When p = 3(mod 4), p is a Gaussian prime by Corollary 2.3.4,

3. When p = 1(mod 4), by Theorem 2.3.6, 7 and 7 are Gaussian primes where p = 7 and
T+ TI.

Thus, we have proved.

MAIN RESULTS

From subsection 2.3 (Theorem 2.3.7), we know that all Gaussian primes are in the form

1 144,

2. p where p are primes in Z s.t. p = 3(mod 4),

3. m=a+biand@ = a— bi when N'(r) = N (i) = a? + b? = p, and p are primes in Z s.t.
p =1 (mod 4).

We also know that any Gaussian integer a # 0 and a not a unit can be written as Gaussian primes
factorization in the following theorem.
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TheoremIfa = unf 171202 nf’ where u is unit and 7r; are Gaussian primes such that u + m; , then

. . . C
Z[i] /(@) = Z[i]/(w) X Z[i] /(1 " ) x Z[i]/(mS2) X -+ x Z[i]/ ().
Proof. This is trivial from Chinese Remainder Theorem, see statement in [9]T. Koshy (2002).

Theorem Z[i]/((1 + i)™) do not satisfy diagonal condition when n > 3.

Proof. Suppose that Z[i]/((1 + i)™) satisfy diagonal condition for some n > 3. Then, for all @ € Z[i]
s.t. gcd(a, 1 + i) = § where § is unit, we have a® = 1(mod (1 + D)™). In (Z[i]/(1 + )3)* , we get
(—2+)?=4—-4i—1=-1(mod (1 + i)3) that makes (—2 + )* = 1(mod (1 + i)?). Since Z[i]/
((1 + )™ satisfy diagonal condition for some n = 3, (—2 + i)? = 1(mod (1 + i)™) and hence (—2 +
D)2 =1 (mod(1 + i)?). Thus, —1 = 1(mod (1 + i)®) so that (1 + i)3| — 2. This leads a
contradiction, the statement we supposed is wrong. Hence, Z[i]/((1 + i)™) do not satisfy diagonal
condition for all n > 3.

Remark If the order of Gaussian integers modulo « is greater than or equal to 3, then multiplication
table of Z[i]/(a) do not have diagonal condition.

Lemma Z[i]/(p) do not satisfy diagonal condition when p are primes inZ s.t. p = 3(mod 4).

Proof. Since p are primes in Z such that p = 3(mod 4), p are Gaussian primes. Then Z[i]/(p) is a

finite field which has order p? because (p) is the maximal ideal. Thus, (Z[i]/ (p))x is a cyclic group
with its order is equal to p? — 1 > 3. By Remark 3.3, the statement of lemma is proved.

Theorem Z[i]/((p)™) do not satisfy-diagonal condition when n.= 2-and p-are primes in Z such that p
= 3(mod 4).

Proof. Assume that Z[i]/((p)™) satisfy diagonal condition for some n > 2. Then, we have Va € Z][i]
s.t. gcd(a, p) = & where § is unit, a? = 1(mod pn ). However, there exists 5 € Z[i]/(p) such that the
order of 8 modulo p is p? — 1 = 3. That makes 2 # 1(mod p), contradicts with 2 = 1(mod p) by
assumption. Hence, the statement of theorem is confirmed.

Lemma Z[i]/(r) and Z[i]/(7t) do not satisfy diagonal condition when 77T = p and p are primes in Z
such that p = 1(mod 4).

Proof. By Theorem 2.3.7, m + 7 without loss of generality. Sincer is a Gaussian prime, Z[i]/ (1)

is a field because (1) is a maximal ideal. Thus, (Z[i]/ (7'[))>< is a cyclic group with order p — 1. Then,
there exists a € Z[i] such that the order of @ modulo 7 is equal to p — 1 > 3 so that a® Z 1(mod ).
Hence, Z[i]/ () does not satisfy diagonal condition.

Theorem Z[i]/((m)™) and Z[i]/((7)™) do not satisfy diagonal condition when n > 2 and 7T = p
where p are primes in Z such that p = 1(mod 4).

Proof. By Theorem 2.3.7, m + 7 without loss of generality. Suppose Z[i]/((7)™) satisfy diagonal
condition. Then, a? = 1(mod (m)™) for all a € Z[i]. In Z[i]/(r), there exists § € Z[i] such that the
order of 8 modulo 7 is p = 3 so that 2 # 1(mod m). By the assumption, we need to have 5% = 1
(mod (m)™), a contradiction. Thus, the statement of theorem is proved.

From Theorem 3.1 to Theorem 3.7 including remark and lemmas, we can generate the main
theorem as followed:
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Theorem Multiplication table of Z[i]/(«) have diagonal condition if and only if « = 1 4+ i or a = (1
+ D)2

OPEN PROBLEMS AND INTERESTING POINTS

The author suggests readers to investigate diagonal condition on several interesting rings e.g.
. 1+V(=3)
Qlil, 2

0; Imaginary when D < 0) or any other imaginary quadratic fields have units only 1 and —1. § Also,
all related open problems such as Floor Quotient for the previous-mentioned domains with a variant
problem analogs with what the author did in this paper.
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